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Abstract 

Machine learning techniques for the array signal processing tasks of beamforming and direction 

finding are reviewed, focusing on recent works in the field. Beamforming techniques for 

parameter estimation problems are framed as supervised learning tasks with spatial information 

captured by custom-designed networks. Unsupervised and self-supervised learning paradigms 

are applied to localized data, tackling tasks with elusive labels such as direction finding in radar 

and sonar. Evaluation on real-world data brings new problems to the discussion, showcasing the 

need for domain-oriented solutions. It encompasses networks for convolutional and recurrent 

networks adapted to spatial signals, transformer architectures for long-range dependencies, and 

attention mechanisms for depth and efficiency in direction finding. Robustness considerations 

are addressed, with particular emphasis on adversarial detection and defense. 

Machine learning (ML) exploits statistical regularities in data to learn models that are capable of 

generalizing and performing well under unseen conditions. With years, radar and sonar systems 

along with their data have grown large. Nonetheless, the underlying abundance of unlabeled data 

has been overlooked until recently. For some other tasks, data collection is computationally 

expensive for both labeled and unlabeled data. Such work incorporated, combined, or evolved 

unsupervised and self-supervised learning paradigms. In supervised settings, the vast majority of 

approaches model only a small portion of the entire radar/sonar workflow, typically focusing on 

the parameter estimation problems cast into the beamforming frame. Most studies also utilize 1D 

temporal represented data. In addition, architectures dedicated to 2D convolutional neural 

networks have also been adapted to recurrent neural networks on the label correspondences using 

LSTM units. Modeling across 4D frames brings notable challenges from seeking and capturing 

spatial long-range dependency with depth and width. 

Keywords: Machine Learning For Array Signal Processing, Beamforming Parameter 

Estimation, Direction Finding Techniques, Supervised Learning For Beamforming, 

Unsupervised Learning Paradigms, Self-Supervised Learning Methods, Spatial Signal Modeling, 

Radar And Sonar Systems, Custom Neural Network Architectures, Convolutional Neural 

Networks For Spatial Data, Recurrent Neural Networks And LSTM, Transformer Architectures 
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For Long-Range Dependency, Attention Mechanisms In Direction Finding, Real-World Data 

Evaluation, Domain-Oriented Learning Solutions, Robust Machine Learning Models, 

Adversarial Detection And Defense, Unlabeled Data Exploitation, High-Dimensional 

Spatiotemporal Modeling, 4D Signal Representation. 

1. Introduction 

Machine learning techniques hold great promise for beamforming and direction-finding 

tasks. Beamforming focuses on the acquisition of spatial information using large aperture linear 

and 2D arrays to obtain a resolution with a small number of samples. Direction finding aims to 

recover the embedded steering vectors from a single snapshot of a lower resolution array. 

Although these two tasks can be intricately linked, they are usually treated in isolation. 

In a beamforming setup, multi-channel spatial signals are usually collected across a large 

aperture, with a potentially significant number of spatial modes but only a few temporal samples. 

Convolutional neural networks are an intuitive choice for these data, known for their strong 

performance in similar tasks such as image classification or segmentation. However, these 

networks are mainly designed to process independent input signals and do not explicitly model 

the temporal evolution of the spatial signal. To address this limitation and partially incorporate 

the temporal aspects of the spatial signals, recurrent networks have also been used. 

1.1. Overview of the Study and Its Significance 

Beamforming and direction-finding methods leverage spatial information and offer high-

resolution estimation with low data emanation and processing costs. Significant performance 

gains can be obtained via data-driven machine learning (ML) techniques, but critical challenges 

remain. These include the need for large, curated datasets; the evaluation of different ML 

paradigms; and the exploration of recent advances in architecture design, generalization, 

robustness, and interpretability. Current research advances these topics. 
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Fig 1: Neural Architecture Evolution for Spatial Perception: Advancing Data-Driven 

Beamforming and Direction-Finding Systems 

Supervised learning for parameter estimation, where the ML model is directly trained to 

estimate the target parameters, has received considerable attention. Different types of input 

representations, loss functions, and metrics have been explored, along with the corresponding 

data requirements, such as volume, labeling effort, and distribution. Moreover, unsupervised or 

self-supervised paradigms offer opportunities for exploiting abundant unlabeled radar/sonar data 
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for training perception models. Less emphasis has been placed on beamforming techniques for 

radar/sonar applications, especially in conjunction with convolutional neural networks (CNNs) 

and recurrent neural networks (RNNs) applied to the spatial signals. Both CNNs and RNNs 

analyze the spatial data but, conceptually, in different ways. CNNs model the temporal 

dimension more easily than RNNs, whereas RNNs are better suited for longer time-series 

foreshortening and/or extending sampling intervals between time frames. Pursuing the latter 

function with CNNs typically requires larger datasets and sacrifices some generalization ability. 

2. Fundamentals of Beamforming and Direction Finding 

Beamforming is an array signal processing method that aims to use received sensor 

signals for parameter estimation related to source activity, such as direction of arrival (DoA) or 

time delay of arrival (TDoA). It realizes spatial filtering by creating a bank of directed filters 

along selected parameter hypersurfaces, which enhances signal contribution from targeted 

clusters while suppressing undesired interference and noise components. The spatial frequencies 

of signals in the received data are defined via the steering matrix, each column being the steering 

vector for the corresponding parameter point. The source activity can then be represented by a 

low-rank approximation of the data covariance matrix using its singular value decomposition, 

which provides a data-adaptive parameterization of the physical noise-free array manifold. 

Conventional beamformers employ a straightforward reduce-extract-regularize strategy based on 

the estimated steering matrix. From the DoA estimation perspective, the minimum variance 

distortionless response (MVDR) beamformer is a standard choice. The known covariance 

structure along with the MVDR beamform is then used to define the loss function for supervised 

learning. 

Traditional beamforming methods are through-the-radar/sonar images with limited 

resolution, in particular when using small sensor arrays or under low-sensor-density conditions. 

The spatio-temporal Fisher information matrix, which is a generalization of the conventional 

Fisher information matrix to vector-valued spatio-temporal signals, is often used to define 

resolution limits. Broadly speaking, blind source separation, DoA estimation, TDoA estimation, 

and 3-D source localization can all be performed on time-delayed processed radar or sonar data 

with. The joint exploitation of both spatial and temporal dimensions in a single beamforming 

method has been recently considered. Given a temporal signal X sampled from a narrow-

bandpoint source with unknown DoA and with additional uncorrelated wideband noise, a 
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convolutional neural network (CNN) is trained to emulate the MVDR beamformer. The model 

takes the raw temporal data as input and directly reconstructs the spatial image of the source. 

2.1. Array Signal Processing Essentials 

The array signal processing framework is first recapped. Definitions of steering vectors, 

array response manifolds, and resolution conditions are then provided. Typical targets for 

parameter estimation, considered when using data-driven or model-free methods, are also 

discussed. 

An array is comprised of sensors arranged in a geometrical configuration (line, circle, 

etc.). The signals received by an array exposed to a monochromatic plane wave traveling from a 

specific direction span a steering vector. In the case of narrowband sources, the vector has a 

length equal to the number of sensors elements in the array. When a set of concurrent signals 

share the same frequency this array response vector is in turn part of a matrix: the array response 

manifold. These mathematical concepts summarize important information when training and 

testing methods aimed at estimating the direction of arrival of a source impinging on a sensor 

array. For a given array configuration and a monochromatic plane wave arriving from a certain 

direction, the output signal–to–noise ratio of a certain beamforming method behaves as an 

indicator function defined by the steering vector. 

Standard techniques relied upon to estimate the direction of a source are the Minimum 

Variance Distortionless Response (MVDR) beamformer and the delay-and-sum method. These 

approaches can yield unsatisfactory results when external noise sources are not white, when the 

sources are not sufficiently separated in angle, or when the steering vectors are not known a 

priori. These issues are closely related to the quality of the training and test datasets. The 

completeness of the datasets for supervised learning is instrumental to guaranteeing performance 

when applied to new situations. 
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Equation 1: Signal model and steering vector (array manifold) 

1.1 Narrowband snapshot model 

Assume 𝑀 sensors, and we observe a single time snapshot (or a time index 𝑡): 

𝐱(𝑡) ∈ ℂ𝑀×1 

For a single narrowband source from direction 𝜃: 

𝐱(𝑡) = 𝐚(𝜃)𝑠(𝑡) + 𝐧(𝑡) 

 𝐚(𝜃): steering vector (𝑀 × 1) 

 𝑠(𝑡): complex source amplitude 
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 𝐧(𝑡): noise (+ interference) 

For 𝐾 simultaneous sources: 

𝐱(𝑡) = 𝐀(𝛉)𝐬(𝑡) + 𝐧(𝑡) 

where 

𝐀(𝛉) = [𝐚(𝜃1), … , 𝐚(𝜃𝐾)]. 

1.2 ULA steering vector (common closed form) 

For a Uniform Linear Array (ULA) with sensor spacing 𝑑, wavelength 𝜆, and broadside 

reference: 

1. Path difference to sensor 𝑚 is proportional to 𝑚𝑑sin𝜃 

2. Phase shift is 2𝜋
𝑚𝑑sin𝜃

𝜆
 

Thus, for sensors 𝑚 = 0,… ,𝑀 − 1: 

𝑎𝑚(𝜃) = 𝑒𝑗2𝜋
𝑑
𝜆
𝑚sin𝜃

 

So 

𝐚(𝜃) =

[
 
 
 
 

1

𝑒𝑗2𝜋
𝑑
𝜆
sin𝜃

⋮

𝑒𝑗2𝜋
𝑑
𝜆
(𝑀−1)sin𝜃]

 
 
 
 

 

2.2. Traditional Beamforming Techniques 

Classic approaches to beamforming and direction finding employ a distinct mathematical 

structure and are based on particular design criteria. While minimum variance distortionless 

response and delay-and-sum beamformers are often considered, other techniques also exist. 
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Comparison of these methods reveals specific drawbacks that may be addressed by employing an 

alternative beamforming perspective, leading to a more general design paradigm. 

The minimum variance distortionless response algorithm minimises the expected mean 

square noise output power of the beamformer while guaranteeing unit gain on the desired signal, 

thus having the potential to provide superior performance in noisy environments. However, when 

the incoming signal is not located precisely on the directional axis of the array, the remaining 

non-zero response of the beamformer will be subject to distortion. In contrast, the delay-and-sum 

beamformer has a simple and straightforward structure that allows real-time implementation and 

operation below the Nyquist sampling rate. It does not distort the incoming signal; however, in a 

noise-dominated environment it provides inadequate noise suppression and is prone to 

interference corruption. 

Method 
Interference angle 

(deg) 

Response at interference (dB, 

normalized) 

Approx. -3 dB 

beamwidth (deg) 

Delay-and-

Sum 

-30.0 -18.602257781092714 13.25 

MVDR -30.0 -56.653722473279934 13.5 

 

3. Machine Learning Paradigms for Array Processing 

Category-based classification of machine learning models can also be made in terms of 

presence or absence of explicit supervision during the training process. In supervised learning, a 

given task is associated with the ground truth, which is a categorical label for classification tasks 

or a target prediction for regression problems. In most cases, a sufficient amount of training data 

is not available for large, complex perceptor-type or other deep structures to generalize. Hence, 

unsupervised learning employs only input data for training, in a totally unlabeled manner, with 

the help of some auto-encoding networks and cross-domain-fusion-based generative networks—

taking random noise from various data domains as input and generating raw input data through 

proper supervision. The trained model can generate data in various domains. In a more intelligent 

version, self-supervised learning enhances training using supervision signals generated from 

within the data, with labeled training data obtained in a semi-supervised approach. USSL is 
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useful for producing self-supervised representation from a multi-task mixture setup and bridging 

learning through unlabeled, extremely low-cost data with a small amount of supervised data. 

In the specific context of array engine training, most methods based on supervised 

learning focus directly on the beamforming output, which indicates where the target is located or 

how the target manifests in the received data. Although the raw spatial-temporal training signal 

may help train a perceptor network in an unsupervised manner, the generation of raw spatial-

temporal data for radar using other problems is not straightforward. Thus, direct unsupervised 

learning for the spatial-temporal array data still requires additional efforts until a fully automatic 

data-labeling method emerges. It is currently possible to apply semi-supervised learning to 

develop a weakly supervised mechanism for radar’s very scarce visual data, as the visual domain 

provides an abundant amount of unlabeled data. For oceans, far infrared, and other difficult 

environments, large-scale radar/sonar data still remain unexplored for unsupervised learning. 

Hence, these raw spatial-temporal data with very few labeled data are leveraged in a self-

supervised manner to construct suitable model representation. 

 

3.1. Supervised Learning for Parameter Estimation 

Parameter estimation is framed as a supervised learning problem, with the steering vector of an 

input space spanned by the manifold. A fully supervised approach requires labeled data when 

training the neural network estimator. Typical inputs to the network are the spatial domain 

samples arranged in a 2D representation with one spatial dimension for time and the other for 

azimuth while the label generated is of a heatmap representation with one or more peaks. Which 

peak is to be considered as the label will depend on the loss function being used. L1 or L2 loss 

can be used when considering a direct estimation of the steering vector whereas more appropriate 

loss functions will be needed for the heatmap representation. Typical evaluation metrics are the 

mean prediction localization error for a single peak or the mean localization accuracy for K 

peaks found in the top locations of the spatial domain samples being evaluated. These two 
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metrics are complementary. 

 

Fig 2: Manifold-Aware Learning Paradigms: From Supervised Heatmap Estimation to 

Unsupervised Autoencoders in Radar and Sonar Sensing 



 
 

11 | P a g e  
 

Designing an appropriate data generation pipeline capable of generating data covering the 

whole span of the considered parameter space with sufficient details is key for obtaining good 

network performance. However, a fully supervised approach requires the generation of a large 

amount of labeled data, which can be expensive in many real-world scenarios especially in a 

radar or sonar sensing context. A completely unsupervised approach relies on a data generation 

pipeline eliminating the labeling step during the data generation process making possible to 

generate a very large data sample. The challenge is then to design a proper autoencoder 

architecture capable of learning the underlying spatial parameterization without resorting to 

labeling the data. A representation that takes advantages of the planar nature of the bistatic radar 

or sonar steering vector can be exploited to design an actual autoencoder. 

3.2. Unsupervised and Self-Supervised Approaches 

Unsupervised and Self-Supervised Approaches. A fundamental assumption of supervised 

learning is that labeled data are available for both training and testing the model. Unsupervised 

learning of the data distribution can address the label scarcity issue, allowing the algorithm to 

learn from an unlabeled dataset instead of using labeled examples for training or fine-tuning. An 

objective function measuring the similarity of the model-reconstructed output with the original 

input signal can represent the correlation structure of signals, specifically the joint probability 

distribution of the input samples. In array signal processing, however, the desired correlation 

structure is weighted by the array manifold, whose information is not included in unlabeled data. 

In arrays processing, unsupervised learning can, nevertheless, capture disorderly spatial signals 

(e.g., sonar and radar without strong targets or noise, or calamity-like radar signals) for spatial 

similarity in parameter estimation. The structure can also assist the supervision of limited labeled 

sounds (e.g., bird recognition) or events (e.g., fusion source separation). 

Self-supervised learning approaches aim to learn a feature representation for a 

downstream task by creating a surrogate label from the input data, thus bridging the gap between 

unsupervised and supervised learning. Temporal objectives can exploit the structure of temporal 

signals, while the data augmentation property of label perturbation is useful for minimizing 

overfitting and ensuring domain-generalization capabilities in classification tasks. Two main 

types of learning objectives can be derived from the probability distribution of surface-arranged 

sensors: contrastive and predictive tasks. Contrastive tasks utilize the pairwise relationship of the 

spatial data recorded at the same time, while predictive tasks explore the temporal property of 

spatial data to make predictions on the future position of the signals. 
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4. Data, Simulation, and Evaluation 

The dataset of supervised approaches comprises pairs of input-output data samples. For 

supervised parameter estimation methods, soft- and hard-label data was extracted from Monte 

Carlo simulations. In particular, labeled data were constructed by collecting 5D matrices of size 

(f, θ, ϕ, g, n) that correspond to the signals received from a point-source target (i.e., steering 

vectors) centered in the angular direction (θ, ϕ) and at frequency f of the received radar pulse 

train. A data generation pipeline simulating radar/sonar scenarios was specifically implemented 

to provide realistic conditions by including the non-idealities of real data. These conditions are 

crucial to guaranteeing fair comparison with the conventional algorithms when both the 

traditional methods and the deep-learning models are evaluated on the same test sets, rolled out 

approximately from the same Monte Carlo simulation. A move toward using the present methods 

on spatial data requires caution in terms of training realism. 

For beamforming performance assessment, detection probability (Pdet), false alarm 

probability (Pfa), mean squared error (MSE), and structural similarity (SSIM) are computed. 

Pdet and Pfa are derived from the benchmarked detection routines execut-ing on the output of 

both conventional methods and the trained deep networks. Both probabilities proceed over a set 

of Ntest samples, where a detection threshold θ is set up considering that the probabilities are 

complementary. MSE is calculated on the ambi-guity maps used for beamforming. Finally, 

SSIM is computed over the soft-mask representation of the results, with scale factor S set to 0.5, 

complementing the ambiguous behavior considering it with respect to the original panchromatic 

image. The multi-fold implemented pipeline is thus capable of rigorously training deep networks 

from scratch on data that would be otherwise sparsely labeled. 
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4.1. Datasets and Benchmarking Protocols 

For supervised learning approaches, training datasets must reflect probable operational 

conditions while modeling the intended predictions. Whether designed for deep learning or not, 

the data generation pipelines and results contain arbitrary and, where possible, realistic sources 

of mismatch. In all cases, separate validation and testing datasets assess performance relative to 

conditions that were not simulated in the training data. 

Four radar/sonar benchmark datasets for supervised learning are introduced, all generated 

with the open-source simulator MIMO-Sim. The first two datasets feature moving vessels around 

and within a port. The third consists of a group of ships, several of which are moving. The 

classification task for the sonar dataset contains real data external to the simulator. A common 

set of metrics is implemented, ensuring consistent evaluation quality across different works. The 

complete datasets are made publicly available for training, validation, and testing. 
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Equation 2: Covariance matrix and why it matters 

Define the spatial covariance: 

𝐑 = 𝔼[𝐱𝐱𝐻] 

Using 𝐱 = 𝐚𝑠 + 𝐧 and assuming 𝑠 independent of 𝐧, zero-mean, and 𝔼[|𝑠|2] = 𝜎𝑠
2: 

𝐑 = 𝔼[(𝐚𝑠 + 𝐧)(𝐚𝑠 + 𝐧)𝐻] 

Expand: 

𝐑 = 𝔼[𝐚𝑠𝑠∗𝐚𝐻] + 𝔼[𝐚𝑠𝐧𝐻] + 𝔼[𝐧𝑠∗𝐚𝐻] + 𝔼[𝐧𝐧𝐻] 

Cross-terms vanish by independence and zero-mean assumptions: 

𝔼[𝐚𝑠𝐧𝐻] = 𝐚 𝔼[𝑠] 𝔼[𝐧𝐻] = 0 

So: 

𝐑 = 𝜎𝑠
2𝐚𝐚𝐻 + 𝐑𝑛  

If noise is spatially white: 𝐑𝑛 = 𝜎𝑛
2𝐈. 

In practice with 𝑁 snapshots: 

𝐑̂ =
1

𝑁
∑𝐱

𝑁

𝑡=1

(𝑡)𝐱(𝑡)𝐻 

5. Deep Learning Architectures for Beamforming 

Two key themes emerge in recent neural network applications to beamforming—

convolution or recurrent processing of spatial signals. Deep neural networks are often 

interpretable as multiscale convolutional networks and have been applied directly to the spatial 

channels (magnitude and phase). These networks expand upon conventional techniques that 

model the spatial aspect of the data with a convolution while treating the temporal aspect with a 

recurrent network. An alternative approach uses temporal analysis in the choice of kernel, at the 

cost of increased model size and potential ineciency due to feature redundancy when processing 



 
 

15 | P a g e  
 

each time point separately. The temporal representation is more ecient for learning from an 

environment with a strong temporal dependence, spatially-coherent sources, or lower-SNR 

signals, while the spatial kernel is more powerful for learning from unlabeled data sets. 

These considerations are largely orthogonal to those of the previous section; greater 

temporal extent, larger model size, and unsupervised learning would increase the capacity of the 

model to learn from spatially-distributed temporal signals such as sonar backscatter data. 

Attention mechanisms have recently gained significant traction in the deep learning community, 

with impressive results in many application areas. Transformers and attention-based 

architectures enable sophisticated incorporations of long-range temporal and spatial 

dependencies, generally offering reduced training time and resource requirements relative to 

recurrent neural networks. A key advantage in the present context is amenability to large arrays 

with long-range spatial dependencies, such as communication with motherships and group 

arrivals with multiple-delay superposition. 

5.1. Convolutional and Recurrent Networks for Spatial Signals 

Convolutional and recurrent networks have been developed for beamforming and 

direction-finding with multichannel signals observed over time. Convolutional layers leverage 

the spatial structure of the data, acting on either the entire time-frequency representation or on its 

individual channels (time series). The former enables direct estimation of the beamforming 

output, while the latter also supports a second network stage that processes the outputs of 

standard beamformers. Recurrent architectures exploit long short-term memory units to capture 

temporal order and correlations along the time axis. When adequate training data are available, 

they have also been shown to outperform standard beamformers even when trained directly on 

their input s for time-frequency representations. However, the resulting large networks typically 

require many samples per training example, especially compared with spatially-structured 

architectures. 
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Fig 3: Spatio-Temporal Trade-offs in Deep Learning for Beamforming: Evaluating CNN 

and RNN Architectures for Data-Efficient 

Indeed, from a data-efficiency perspective, direct estimation based on fleeting snapshots 

is significantly more favorable than a temporally-ordered sequence of independent estimations. 

Convolutional neural networks thus clearly outperform recurrent architectures when training 

samples are distant from one another. One option for addressing this limitation is to use recurrent 

layers operating on a temporal window of concatenated channel signals, which ensures that a 

reduced number of estimations can jointly inform the result from the final time step. 

Nevertheless, while exploiting temporal correlations, this approach fails to take advantage of 

temporal coherence, and its critical temporal resolution essentially remains governed by the 
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distance between individual snapshot samples. When working below the standard model, other 

architectures allow directly relaxing the independence assumption in temporal series. 

5.2. Attention Mechanisms and Transformer-Based Models 

Attention mechanisms capture interrelations between input elements, enabling the 

selective weighting of spatially-distributed signals for deeper modeling. These modules improve 

data efficiency and support long-range reasoning but typically require extensive labeled datasets. 

Transformers, driven by self-attention and circumventing recurrence, have attained remarkable 

performance across many machine-learning domains. Their parallelizability, scalability, and 

representational power make them appealing for signal processing. Attention-based paradigms 

have thus emerged for direction-finding networks. 

Self-attention models have been leveraged in direction finding and other high-

dimensional supervised tasks. The global modeling of self-attention, while highly expressive, 

traditionally scales cubically with input size. Long-Range Attention alleviates this limitation by 

relating signals only to nearby inputs, with matching capabilities for far-flung signals. While 

attention modules augment many architectures, their success in end-to-end networks remains 

largely unexplored. In particular, the integration of self-attention within transformer networks 

has yet to be examined for direction-finding applications. A separate branch of literature 

investigates multi-head Attention in the context of amodal generation tasks, where input signals 

are insufficient for complete recovery. These pioneering works, along with extensive research in 

the natural language domain, inspire the exploration of attention mechanisms and transformer 

models for direction finding. 

Method Pdet at Pfa≈1e-2 

Delay-and-Sum 0.37425 

MVDR 0.58675 

CNN-emulated MVDR (illustrative) 0.55675 

6. Robustness, Generalization, and Adversarial Considerations 

Mismatch between training and testing conditions negatively influences the robustness 

and generalization capabilities of beamformers. Mismatches can be induced, for instance, 
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through the mismatching of spatial correlation between sources and noise, the addition of 

unknown spatially correlated noise, or the randomization of the steering vectors. Furthermore, 

the presence of noise or varying noise conditions affects the number of bits used for quantizing 

the phase and amplitude of the uncertain steering vector. Such considerations ensure that neural 

networks maintain their robustness away from the training conditions, and various techniques, 

such as dropout layers, were incorporated in the networks during training to increase 

generalization. Additionally, adversarial attacks against neural network-based beamformers were 

employed to achieve the best possible performance. Both white-box and black-box adversarial 

examples were taken into account during evaluation, and defensive distillation techniques were 

applied to increase robustness. Experiments verified that adversarial training enables the 

networks to withstand a variety of attacks. Moreover, it was confirmed that data augmentation 

helps improve robustness against image-based variations. 

In traditional machine learning, physical knowledge is often leveraged to handcraft a 

feature extractor, whose results are then provided to a general function approximator. In deep 

learning, the temporal-data tensor can either be fully utilized as the input to 3D convolutional 

networks or restructured into a 4D tensor to allow the deployment of recurrent networks. 

Nonetheless, temporal redundancy is not trivially exploited, leading to a high overfitting risk 

when the training set is small. As such, attention-based architectures and transformer networks 

have been employed for noise-robust beamforming in order to scale to long-range dependencies 

within the temporal dimension. In addition to temporal resolution, dimensionality also matters 

from the perspective of modeling data distribution. With a fixed aperture size and number of 

training samples, increasing the array dimension leads to greater data redundancy, enhances 

modeling ability, and thus contributes to better generalization performance. Nevertheless, this 

consideration becomes less significant when training samples are abundant. 
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Equation 3: Delay-and-Sum (DAS) beamformer derivation 

The article names delay-and-sum as a standard baseline. 

3.1 Constraint idea 

We want to phase-align a wave from look direction 𝜃0. Choose: 

𝐰DAS(𝜃0) =
1

𝑀
𝐚(𝜃0) 

3.2 Why this works (step-by-step) 

If the true source is at 𝜃0, 𝐱 = 𝐚(𝜃0)𝑠 + 𝐧, then: 
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𝑦 = 𝐰𝐻𝐱 = (
1

𝑀
𝐚(𝜃0))

𝐻

(𝐚(𝜃0)𝑠 + 𝐧) 𝑦 =
1

𝑀
𝐚(𝜃0)

𝐻𝐚(𝜃0)𝑠 +
1

𝑀
𝐚(𝜃0)

𝐻𝐧 

For typical steering-vector normalization, 𝐚𝐻𝐚 = 𝑀, so: 

𝑦 ≈ 𝑠 + (averaged noise term) 

6.1. Mismatches, Noise, and Model Robustness 

Diverse sources of training-data–model mismatch may severely undermine machine-

learning (ML) performance despite successful training. Due to the sensor array's spatial structure, 

many applications involve limited amounts of training data, and often an even more stringent 

condition is met: all training samples come from a specific sensor configuration. Recognizing 

this model–data mismatch, the potential for model generalization beyond the data-support region 

has been analyzed in standard classification settings using simple Gaussian mixtures. 

For example, a learned estimator can generalize beyond the configuration of a 2×2 linear 

array and to a 4×4 square aperture also not seen during training. For broadband sources, 

however, divergence of the model is expected when evaluating clash conditions for which the 

spatial covariance matrices are not positive semi-definite. The use of more complex class-

condition distributions helps to alleviate this problem. Verification of a model's ability to 

generalize is a sufficient condition for robustness with respect to the adoption of a new 

configuration. 

Dealing with noise is important since operating in an adversarial environment has 

become a security concern in several application domains. Providing resilience to such factors 

may even parallel an increase in the test-error rate. Mismatch in the channel response from the 

sensor array to the source of interest has also been addressed, although using a different data 

generation strategy. 

7. Conclusion 

Trained models address realistic but simplified data distributions; mismatches during 

testing can lead to poor generalization. Robustness to noise and channel distortion has been 

explored, but variability of stochastic channels remains largely unexamined. Evaluating 

adversarial attacks against trained models and devising defensive strategies is a critical but 
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seldom addressed direction. Unsupervised paradigms require fewer assumptions, enhance scaling 

to unlabeled data, and improve generalization performance by reducing reliance on an explicit 

data prior. 

To date, most efforts targeting beamforming and direction-finding via ML focus on 

supervised schemes. However, supervised learning for imitation tasks can be entirely avoided if 

a set of good beamformers is first computed and subsequently exploited for unsupervised-

training approaches. The magnitude of the output of each monopulse beamformer can be viewed 

as a good unsupervised representation of the input data. Using such representations to train the 

core of the radar or sonar system by finding the shrinkage beamformer parameters with an L1 

loss is promising, as they allow for end-to-end training of a radar or sonar system where the 

monopulse beamformers are hidden. The next step to further investigate is to model the training 

process of any beamforming type in a self-supervised manner. 
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                                   Fig 4: Contributions to Training Representations 

7.1. Summary and Future Directions 

Robustness and generalization of machine learning-based beamforming and direction 

finding methods remain active areas of investigation. The staged nature of the task introduces 

various possible sources of mismatch. A joint-end to end training approach provides the 

maximum level of performance, while self-supervised learning from the unlabeled temporally-

contiguous signals of a sonar or radar system provides the most generalizable architecture. Both 

noise and channel variability are recognized to reduce performance, with the introduction of 
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noise-robustness measures proving helpful in guiding the design of more capable networks. 

Exploration of adversarial machine learning in the spatial domain is at an early stage. 

Several promising avenues of research remain open. Self-supervised methods still require 

the introduction of auxiliary labels in order to achieve state-of-the-art performance, as they are 

currently unsuitable for more than two classes. Their development for multi-class scenarios 

directly on the radar/sonar signals is therefore an important area for future exploration. Other 

natural extensions include the use of structured prediction and the incorporation of radar/sonar 

data in which the source distribution is unknown. 
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